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Introduction

Estimate a sparse vector:

minimize F(8) = 5 |y ~ XBI3 + i(8) (1

@ Statistics — penalized linear regression
- yeR™ response
- X € R"P: design matrix
- B eRP: vector of coefficients
e Signal processing — signal recovery/denoising

- yeR™ vector of observations
- X € R"™P: linear operator
- B e€RP:  signal vector

@ 1 : RP — R — penalty function promoting sparsity in 3.
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Introduction

Convex penalization

e Examples: Lasso (¢(3) = ||3||1, Tibshirani (1996)) and its variants
@ Pros: no suboptimal local minimizers

@ Cons: underestimation of large magnitude components

Nonconvex penalization

e Examples: SCAD (Fan and Li, 2001), MCP (Zhang et al., 2010)
@ Pros: more accurate estimation

@ Cons: existence of suboptimal local minimizers
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Introduction
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Figure: Visualization of Lasso, SCAD and MCP (Adopted from Patrick Breheny's
lecture on BIOS 7240).

@ non-differentiability at the origin — sparsity
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Introduction
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Figure: Visualization of derivatives of Lasso, SCAD and MCP (Adopted from
Patrick Breheny's lecture on BIOS 7240)

@ derivative — penalization rate (estimation bias)
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The GMC penalization

A convex-nonconvex strategy:

Design a nonconvex penalty but maintain the convexity of the problem.

The generalized minimax concave (GMC) penalty (Selesnick, 2017):

. 1
¥8(8) 18] = min{[|v]ls + 5 1B(8 - v)II3}, (2)
veRP 2
= Lj norm — its generalized infimal convolution

where B € R"*P is a matrix parameter.
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The GMC penalization

Figure: Visualization of the GMC penalty in the univariate case (left) and the
multivariate case (right). Adopted from Selesnick (2017).
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The GMC penalization

The optimization problem

minimize F(8) = 3 ly ~ XBIB + Ma(8) 3)

maintains convex if
X'X - \B"B. (4)

e Convexity-preserving condition for the GMC model (3)

@ An open question: How to set B?

B = /0/)XX, with 0 € (0,1),
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Grouped variable selection

The classical linear regression setting:
y=XB+e

o y € R": response vector

@ X € R"*P: covariate variables with natural group structures

e.g. categorical data analysis

@ € € R": vector of noise variables with mean 0 and variance o2

grouped variable selection & coefficient estimation
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Grouped variable selection

@ Convex penalization
Group Lasso (Yuan and Lin, 2006) and its variants

J J
~ 1
ﬂgrLasso = argmm*”.y_z)(jﬁjng_‘_)‘z KJH/@JH2 (5)
Bers 2N =1 =1

- B=(B{,...8])T € RP with B; € R
- Kjs: adjusting for the group sizes, e.g. Kj = ./p;
@ Nonconvex penalization
Group SCAD (Wang et al., 2007)
Group MCP (Huang et al., 2012)
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The group GMC estimator

The group GMC penalty (Liu et al., 2021):

J J
. 1
¢8(8) = >_ KIBi2— min ¢ 3" Kyl + - IBB-w)3 ¢ (6)
j=1 j=1
= group Lasso — its generalized infimal convolution
-B=(8,..5]) €R®

~v=(v/,.,v])T €Rr
- Foreach j, B; € RPi,v; € RP
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The group GMC estimator

The group GMC model:

1
arg min |y — X83+\0s(8). (7)
BeRrp <N

o Convexity-preserving condition
X'X>)\B'B (8)
@ Set B by

ABTB =0XTX with 6 < [0,1]

e 0 : convexity-preserving parameter
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The group GMC estimator

Relations between group GMC and existing methods:

e B=0 (0 =0): group GMC < group Lasso
e BTB is diagonal: group GMC < group MCP
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Algorithms for the group GMC model

Recast problem (7) as a saddle-point problem

Jnin max £(8) + BTzv —g(v), (9)

where

J
1 A
F(B) = 5-lly = XBIB+AD_ KillBjll2 — 51 BBI3,

j=1
A J
g(v) = ZHBVIE + AZ Killvill2,
j=1
Z= 5BTB.
n

@ Primal-Dual Hybrid Gradient (PDHG) method
(Goldstein et al., 2013, 2015a)
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Algorithms for the group GMC model

Algorithm 1 Basic PDHG steps for problem (10)
1: Set Bp € RP, vy € RP, 04 > 0,7 >0
2: for k=1to K do
3 Brir =Bk —mZ v X
4 Bip1 = argmingepe £(8) + 218 — Brtll3
5 U1 = vk + 0k Z(28k41 — Bk)
6: Vi1 = argmin,epe g(V) + ﬁHV — k113
7: end for
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Algorithms for the group GMC model

Updating Bx41 and vgy1:

1 A 1 A
—argmin{ |y — XBIF—2|BB|2 + —||8 — 2}
Br+1 a;gergr!n {2n||y Bll3 2n” Bllz + 1 18 — Bi+1lls

J
+ 2D KBl

j=1

J
. )\ 2 1 PN 2
Vi 1:arm|n{— Bv||5 + —||lv — V441 }—i—/\ K:llvil|2
o = agmin { SIBVIE + 71w e} + 2D Kl

@ group Lasso penalized problems

e Fast Adaptive Shrinkage/Thresholding Algorithm (FASTA)
(Goldstein et al., 2014, 2015b)
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Error bound for the group GMC estimator

Some definitions:

J
. 1
@ v* = argmin ZKJ'HVsz—F?HB(ﬁ*—V)H%
veRp j=1 n

o S:={j:|Bil2#0.j€[J]} and S¢:= [\ S
o
_f K+ I[BB8 =)o, jES
T K- Y[BTBLL(B — v, jESC

@ 7 :=maxv; and v := min vy
jes keSe
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Error bound for the group GMC estimator

Conditions and assumptions:

@ X satisfies a “block-normalization” condition:

IX 4l < Vn, jelJ]

e Al. (Subgaussian errors). The data are generated from (10) where
€ € R" has independent entries which are o-subgaussian random
variables for 0 < o < co. That is, E(¢;) = 0 and for all t € R,
E{exp(te;)} < exp(t?02/2) for each i € [n].

o A2. (Convexity) The matrix B is chosen so that X' X = ABTB.

e A3. (Sample size) The sample size n is sufficiently large so that
v > 0 for all k € S€.
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Error bound for the group GMC estimator

Conditions and assumptions:

o A4. (Restricted eigenvalue condition) For a fixed ¢ > 1, define

Chn(S,v,c) =

AR A£0, Y (n-2) Ak <Y (+5) 14l

keSe jes

We assume there exists a constant k > 0 such that for all n and p,

AT(XT™X - ABTB)A
0< k<rwg(S,c)=inf
< r(S ) ACCh(S.rc) 2n||A|13
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Error bound for the group GMC estimator

Theorem

(Error bound for group GMC) Let ¢ > 1 and ki > 0 be fixed constants. If
assumptions A1-A4 hold and

12 g B
v \jeV n n

then with probability at least 1 — 2 exp(—2ki log(J)),

IBN)—-B2 < - Z(SUC) (Z + %) {(Jng?j]( \/@) + \/—‘S’kl:)g(” } ;

where 3(\) is the group GMC estimator obtained from (7).
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Error bound for the group GMC estimator

Theorem

(Error bound for GMC) Let ¢ > 1 and ky € (0,1/2) be fixed constants.
Let pj =1 for j € [p] so that S = {j : B} #0,j € [p]}. If assumptions

A1-A4 hold and A\ = (co/v)+\/2log(p/k2)/n, then with probability at
least 1 — 2ko,

1B — B*ll2 < —re— (E N 1) 2/S| log(p/k2)

ke(S,c) \v ¢ n

bl

where @(A) is the corresponding GMC estimator.
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Simulation Experiments

@ Regression models:

an ANOVA model with all two-way interactions
an additive model including both categorical and continuous variables

@ Factors of interest:

signal-to-noise ratio (SNR) of the model

correlation among groups

problem dimension

convexity-preserving parameter (for the group GMC)
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Simulation experiments

Data generation of the ANOVA model:
@ /1,725,235 and Z; from a centered multivariate normal distribution
- Cov(Z;,Z) = plJ]
@ /y,---,Z are trichotomized to 0,1 or 2
o 0 if smaller than ®~1(3), 1 if larger than ®~1(3), and 0 if in between

@ 32 covariate variables from 10 groups

@ True regression model

y=31(Z = 1)+ 21(Z = 0) + 31(Z = 1) + 21(Z, = 0)+
]l(Zl =124 = 1) + ]l(Zl =1, = 0)+
2]1(21 =0,24 = 1) + 2.5]1(21 =0,24, = 0) + €
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Simulation experiments

Performance in three aspects:

o Coefficient estimation
- SE= 8- AlI3
@ Prediction performance
- prediction error = 1| X3 — X3
@ Support recovery
2TP

2TP + FP + FN
- true positive (TP) and false positive (FP)

- F1 score =

Estimation
Bi'=0 B;j=0
Bi'=0 TP FN
Bi=0 FP TN

Truth
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Simulation experiments

@ Case I: effect of the SNR

- uncorrelated groups (p = 0)
- problem dimension p = 32
- sample size n = 100

- SNR € {1,2,---,5}

- #€{0.2,0.4,0.6,0.8,1}
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Simulation experiments

F1 score

Prediction error

51 method

— group BMC{0.2)
— group GMC(0.4)
509 — group GMC{0.6)

— group GMC(0.8)
group GMG(1)

True positives
False positives
o

— group Lasso
— group MCP
group SCAD
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Simulation experiments

@ Case lI: effect of the correlation among groups
- SNR=2
- problem dimension p = 32
- sample size n = 100
-09=0.6
- correlation p € {0,0.2,0.4,0.6,0.8}
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Simulation experiments
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Simulation experiments

o Case lll: effect of the problem dimension
- uncorrelated groups (p = 0)
- SNR =2
- sample size n = 100
-0=0.6

- p e {32,200,512}
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Simulation experiments
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Group GMC — Real data application

Table 1. Description of the birth weight data set

Name Type Variable description
Birth weight Continuous Infant birth weight in kilograms
Mother’s age Continuous Mother’s age in years
Mother’s weight ~ Continuous Mother’s weight in pounds at last menstrual period
Race Categorical Mother’s race (white, black or other)
Smoking Categorical Smoking status during pregnancy (yes or no)
# Premature Categorical Previous premature labors (0, 1, or more)
Hypertension Categorical History of hypertension (yes or no)
Uterine irritability ~ Categorical Presence of uterine irritability (yes or no)
# Phys. visits Categorical ~ Number of physician visits during the first trimester (0, 1, 2, or more)

o Identify risk factors associated with low rank infant birth weight

@ 16 covariate variables from 8 groups, 189 observations
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Real data application

Table 2. Summarized results for the birth weight data

Prediction error ~ # nonzero groups  Excluded groups

Group Lasso 0.36 8 none
Group SCAD 0.35 8 none
Group MCP 0.35 7 # Phys. visits
Group GMC 0.35 7 # Phys. visits
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Real data application

Group Lasso Group SCAD
Mother's age Mother's age
Mother's weight Mother's weight
Race Race
Smoking Smoking
# Premature # Premature
Hypertension Hypertension
Uterine irritability Uterine irritability
[ ——  #Phys. visits #Phys. visits

T T r T T T 1
0.20 0.15 0.20 0.15 0.10 0.05 0.00

» A
Group MCP Group GMC
Mother's age Mother's age
Mother's weight Mother's weight
Race
Smoking Smoking
# Premature —— #Premature
Hypertension Hypertension
Uterine irritability Uterine irritability
[ # Phys. visits #Phys. visits

0.20 0.15 0.10 0.05 0.00 0.20 0.15 0.10 0.05 0.00
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Discussion

Summary:

A group GMC method for grouped variable selection

Convexity preserving condition and relation to existing methods

°
°
@ Algorithms for computing the solution path
@ Error bounds of the (group) GMC estimator
°

Simulations and a real data application
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Discussion

Future directions:

@ Guidance on setting the matrix parameter B
@ Extension to generalized linear models

e Computation of the (group) GMC problem
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Please reach out if you have any questions

@ Email: xliu31@mdanderson.org
e Website: https://xiaoqian-liu.github.io/

@ Our group GMC paper:
https://arxiv.org/abs/2111.15075

@ An R package for group GMC will be publicly available soon
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Thank You!
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